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POSITIVE-DEFINITE MATRICES AND THEIR APPLICATIONS TO THE
PROBLEMS OF INTERNATIONAL MATHEMATICAL OLYMPIADS

Nabikhonov Nabikhon Yokubjon ugli
Student of the National University of Uzbekistan, winner of the International
Olympiads
Aytjanova Gulayym Torabevna
Student of the National University of Uzbekistan, winner of the International
Olympiads

Annotation: This article reflected on positive and negative defined matrices.
Suitable definitions were given for such matrices. Theorem about the general appearance
positive-definite matrices is given with its proof. The connection between a Gram Matrix
and a positively defined matrix is also given. Solutions to complex Olympic problems are
given. At the end of the article, enough problems are given to work independently.

Keywords: symmetric real matrix, Hermitan matrix, positive-definite, positive-
semidefinite, negative-definite, negative-semidefinite, Gauss’ Theorem, Gram matrix,
Euclidean space, diagonalizable, skew-symmetric matrix, eigenvalues

1. INTRODUCTION

Symmetric matrix M with real entries is positive-definite if the real number
x"Mx is positive for every nonzero real column vector x, where x” is the row vector
transpose of x. More generally, a Hermitan matrix (that is, a complex matrix equal to
its conjugate transpose) is positive-definite if the real number z"Mz is positive for
every nonzero complex column vector z, where z* denotes the conjugate transpose of
Z.

Positive semi-definite matrices are defined similarly, except that the scalars
x"Mx and z*Mz are required to be positive or zero (that is, non-negative). Negative-
definite and negative semi-definite matrices are defined analogously. A matrix that is
not positive semi-definite and not negative semi-definite is sometimes
called indefinite.

Positive (negative) defined matrices have a number of nice properties. We need
to define these properties as well as include a complete definition before we can use it
in solving the problem.

2. Definitions for positive and negative matrix.
Let us give detailed definitions for positive (negative) defined matrices.
Definition 2.1. An n X n symmetric real matrix M is said to be positive-definite if
x"Mx > 0 for all non-zero x in R™. Formally,

M positive-definite < x” Mx > 0 for all x € R™\{0}.
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Definition 2.2. An n Xn symmetric real matrix M is said to be positive-
semidefinite or non-negative-definite if x” Mx > 0 for all x in R". Formally,

M positive-semidefinitt < x"Mx > 0 for all x € R".

Definition 2.3. An n X n symmetric real matrix M is said to be negative-definite
if x" Mx < 0 for all non-zero x in R™. Formally,

M negative-definite < x” Mx < 0 for all x € R™\{0}.

Definition 2.4. An n Xn symmetric real matrix M is said to be negative-
semidefinite or non-positive-definite if x” Mx < 0 for all x in R". Formally,

M negative-semidefinite < x"Mx < 0 for all x € R™.

In other words, M = [ai]-] is non-negative (respectively positive definite) if
and only if the quadratic form associated with M, namely (xl,xz, ,xn) -
Z?j=1 a;jx;x;,is non-negative (respectively positive definite).

Note that if M is non-negative then letting e,, ..., e,, be the canonical basis of
R" we have

‘ aii:el:TMei 20, \
and 1 IS positive derinite en € 1nequality 1S strict. AlSo, note that any matrix

congruent to a non-negative (respectively positive definite) symmetric matrix is itself

non-negative (respectively positive definite), since

XT(PTMP)X = (PX)TM(PX).

3.Th
By our theorem given in this section, we define the general representation of

positively defined matrices! Before giving the theorem, let's consider the following
problem.

Problem 3.1. Let A € M,,(R) any matrix.

a) Prove that AT A is symmetric and non-negative.

bh) Prove that AT A is nositive definite if and onlv if 4 is invertible.
(ATA)" = A"(A")" = A"4,
thus AT A is symmetric. Next, for all x € R" we have

xT(ATA)x = (4x)7(Ax) = |laxI[* = o,
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with equality if and only if Ax = 0. Both a) and b) follow from these observations
(and the fact that A is invertible if and only if Ax = 0 implies x = 0).
We have the same result holds with AAT instead of ATA. Remarkably, the ¢
converse of the result established in the previous problem holds:

4
&
C\;

WA

Theorem 3.1. Any non-negative-definite matrices A € M,,(R) can be
written as BT B for some matrix B € M,,(R).
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Proof: We use Gauss’ Theorem (see [1], p 402.). By that theorem, there is an
invertible matrix P such that PTAP = D is a diagonal matrix. By the discussion
preceding Problem 3.1 we know that D itself is non-negative and its diagonal
coefficients d;; are nonnegative. Hence we can write D = D]D, for a diagonal

matrix D, whose diagonal entries are ,/d;;. But then

A= P Hppt =P H)'DID,P = B"B,
with B = D,P~'. Done!

In the following problem, we show that the Gram matrix is non-negative
defined. And we also give a necessary and sufficient condition for being positive- *
defined.
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Problem 3.2. Let (V,(,)) be an Euclideanspace and let v,, v,, ..., v, be a
family of vectorsin V. Let A € M,,(R) be the Gram matrix of the family, i.e.,
the matrix whose (i,j) — entry is (v;, v;).

a) Prove that A is symmetric positive.

b) Prove that A is positive definite if and only if vy, v,, ..., v,, arelinearly

indenandeant

')

&

%

(ol

CIN

4’33 )

}

) ‘¥A

¥
>

17Q

iR
L

LI N

Z‘ al'jxl'x]' == Z‘ xix]'<vi,v]'> == Z‘ xi . Z(vl,x]v]> ==
j=1

ij=1 ij=1 i=1
n n n 2
= Z (xivi,z X;jv;) = invi >0,
i=1 ]:1 i=1

with equality if and only if X7, x;v; = 0. The result follows.
Let's analyze another interesting problem below.
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Problem3.3.Letn > 1 and let 4 = [a;;| € M, (R) be defined by a;; = min(i, j).
Prove that A is symmetric and positive definite.
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Solution: It is clear that the matrix is symmetric. Note that we can write

min(i, j) = Z 1.

k<iks<j
Doing so and interchanging orders of summation, we see that
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zzmmo,)xx -zzzxx _z(z )

i=1j= =1i=k j=
This last expression is clearly nonnegative, and it equals 0 if and only if
X+ +x,=0,x,++x,=0,...,x, =0.
Subtracting each equation from the one before it, we see that the unique solution
isx; = x, = -+ = x,, = 0, which shows that the matrix is positive definite.
An alternative argument is to note that

minGi) = | A0S (0,
0

where f;(x) = 1 for x € [0,i] and f;(x) = 0 for x > i (i.e, f, is the characteristic
function of the interval [0,i]). It follows that A is the Gram matrix of the family
s fiforerfy, thus it is symmetric and non-negative. Since f,f,,.., [, are linear ;
independent (in the space of integrable functions on [0,c0)), it follows that A is
positive definite (all this uses Problem 3.2).

4. Application of the Positive-definite matrices.
4.1. Examples of International Olympic problems.

Example 4.1.1 (OMOUS-2024, Turkmenistan).

Show that if A is a real n X n matrix suchthat A + A2AT + (4%)T = 0, then
A=0.

A+ A*AT+ (A5)T =0 AT
AAT + A2(AHT+ (AT =0
(43T = —(4AT + A2(4)D) < 0.
Hence I — A3 is positive definite and invertible.
On the other hand we have
(AT = —-A—A%AT
and transposing we get
A* = —AT — A(42)T.
Hence we get
A% = —AT + A(A + A%2AT).
Thus AT = A34" , so AT(I — A®) = 0. This together with invertibility of I — A3
implies that A = 0.
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(AB* —B*A)" = (AB*)" — (B*A)" = (B")?A" — AT(B")? = —(AB* — B*A).
We defined M = (AB + BA — A*— I,).
MT =(AB + BA — A*— )" =B"A"T+A"B" - (4")*-1,) =
=BA+AB—-A*—1, =M.
Hence,
—(AB* — B*A) = (AB* — B*A)" = (M*)" = (M")? = M* = AB* — B*A
AB* —B*A=0,> M* =0,
M is symmetric, then it is diagonalizable. Then 3C € M,,(R), det C # 0 and
CMC™ = diag(14,2,,...,1,)
where 1,,1,,..., 4, are eigenvalues of M and they are real numbers.
0, =M*=CM*Ct=(CMC™)? = diag (13,...,1%)
Hence, 1; = 0forall i = 1,2, ..., n. Therefore,
CMC'=0,>M=0,>
BA+AB - A*—1, =0, (¥
We know that A> = A"A and B®> = B"B, so A* + B? is non-negative-definite (since
Problem 3.1). Hence for all x € R",
xT(A%? + BH)Dx > 0= (Ax)T(Ax) + (Bx)T(Bx) = ||Ax||2 + ||Bx||2 > 0.
Assume that 3x € R™\{#} such that (4% + B*)x =6, where 8 = (0, ...,0). Then,
Ax = Bx = 0.Since (*) we have that,
(BA+ AB —A* — I)x = O,x
BAx + ABx —A’x—x=0=>x =6.
This is contradiction! Hence, (4> + B?*)x = 6 if and only if x = 6. Therefore ¢
det(4% + B*) > 0. Then rank (A% + B*) = n. Answer: rank (4* + B*) = n.
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Example 4.1.3. (AKHIMO-2023, Uzbekistan).

Let A,B,C € M, (R) be skew-symmetric (MT = —M) matrices such that:
det(4% + B>+ C?) = 0.

Prove that for each triple P, Q, R € M, (R) the following equality holds
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)

—(ATA+B"B+C"C)x = 6.
Multiply both sides x” to get

x"(ATA+B"B+C"C)x=6

(Ax)T(4x) + (Bx)T(Bx) + (Cx)T(Cx) = 6.

Notice that (Ax)” (Ax) is non-negative-definite. Thus Ax = Bx = Cx = 6.
Therefore,

0=Ax=x"A"=-x"A=0.
This implies that

xT(AP + BQ + CR) = 6.

98

o5
4

)
£

_WGX
N

2

s

o

W~

o
—~

p\- o
i

\.\2(

X

@

£

1&*}

%f.

>
w~

-
O e

g

T

Ck

o

%

A

2%

X

SR
Nl

RO OV

K

4 *“:r
(B

XD .
2
Y

'

&7)\.‘2(

%

SR

.,,\,.
Y
Nl

m‘%f.

¥
(Y.

N7
m

o

&

"
25

DA

50

X

£
£

G

=

>

e

o)
~

i\

g

T

2
A

Ko
\57{\

o

X

AN

2

o

) -/q

o~

G
il

SR

_,,\,
©
G

%,.

¥

(&

g

o~
(X

o~

o

O

=

3

730
»

0
£

o

e

)
(Y.

o~

o)
~

o

4

3%

2

G\ﬁ

e

D
7.

o~

AT

g
2 g&
O X

G

'



5

5

v

N O‘ZBEKISTONDA FANLARARO INNOVATSIYALAR VA Y,
32-50N ILMIY TADQIQOTLAR JURNALI 20.09.2024

;O“O;
\ y,

)

N

e

N
>

ey

&

e
o,

3

)

&

g

O

A%,

N

i ols.  OIN

N
g
7\

z,

&

e

e

%G

)

¥

)

.

)

&

N

\Z("

&
D%

E ola. IN l

e

%G

2

¥

5 i;m

LN

A

¢ 4 b
WX

o)

52

N
2%

A

Ve,

b

£
<

3

D

2

)

&

S

>l

o

2
FOE i

SN

Re)
RCR,

;1,.

2}

D
(e

Nz

<

A

3

&

T

(<

o)

¢
N

2

)

SN

ok

»A)
G
A

_’s,
bﬁtu.

’)\,.

o

2

[d

T
%

s

ol

o
2

SN
N

o
By
7%

MR, D

R
m;l,

Eo¥r.\;

) ;\‘m

&

T

X

ol

ko
A

S\
2

iy

e,

%G

re

)

oA
x

&

5

N
A
R

o

R

i' (o, cIN i

N

)

We know that x” # 7. Finally, we conclude that
det (AP + BQ + CR) = 0.

4.2. Problems for Practice.

Problem 4.2.1. [s the matrix A = [aij] € M, (R) with a;; = i-j non-negative-
definite? Is it positive definite?

Problem 4.2.2.

a) Prove that a symmetric positive definite matrix is invertible.

b) Prove that a symmetric positive matrix is positive definite if and only if it is

invertible.

Problem 4.2.3. Prove that any symmetric positive matrix A € M, (R) is the Gram
matrix of a family of vectors v ,v,, ...,v, € R™.

: 1 : :
Problem 4.2.4. Prove that the matrix A = |— ] is symmetric and non-
) 1<ij<n

negative-definite.

Problem 4.2.5. Let A = [aij] € M,,(R) be a matrix such that a;; = 1 for i # j, and
a; > 1foralli =1,2,...,n. Prove that A is symmetric and non-negative-definite.

Problem 4.2.6 (SEEMOUS-2024, Romania). Let A,B € M,,(R) two real,
symmetric matrices with nonnegative eigenvalues.

Prove that A*> + B* = (A + B)? ifand only if AB = 0,,.

Problem 4.2.7 (SEEMOUS-2024, Romania). Let A € M,,(C) be a matrix such
that (A4*)? = AA*, where A* = (A)" denotes the Hermitian transpose (i.e, the
conjugate transpose) of A.
a) Prove that AA" = A™A.
b) Show that the non-zero eigenvalues of A have modulus one.
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