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1. INTRODUCTION 

Symmetric matrix   with real entries is positive-definite if the real number 

      is positive for every nonzero real column vector  , where    is the row vector 

transpose of  . More generally, a Hermitan matrix (that is, a complex matrix equal to 

its conjugate transpose) is positive-definite if the real number      is positive for 

every nonzero complex column vector  , where    denotes the conjugate transpose of 

 . 

Positive semi-definite matrices are defined similarly, except that the scalars 

     and      are required to be positive or zero (that is, non-negative).  Negative-

definite and negative semi-definite matrices are defined analogously. A matrix that is 

not positive semi-definite and not negative semi-definite is sometimes 

called indefinite. 

Positive (negative) defined matrices have a number of nice properties. We need 

to define these properties as well as include a complete definition before we can use it 

in solving the problem. 

 

2. Definitions for positive and negative matrix. 

 Let us give detailed definitions for positive (negative) defined matrices. 

Definition 2.1. An     symmetric real matrix   is said to be positive-definite if 

       for all non-zero   in   . Formally, 

 

 
𝑀 positive-definite  ⟺ 𝑥𝑇𝑀𝑥    for all 𝒙 ∈  𝑛\* +. 
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Definition 2.2. An     symmetric real matrix   is said to be positive-

semidefinite or non-negative-definite if        for all   in   . Formally, 

 

 

 

Definition 2.3. An     symmetric real matrix   is said to be negative-definite 

if        for all non-zero   in   . Formally, 

 

 

 

Definition 2.4. An     symmetric real matrix   is said to be negative-

semidefinite or non-positive-definite if        for all   in   . Formally, 

 

 

 

In other words,   [   ] is non-negative (respectively positive definite) if 

and only if the quadratic form associated with  , namely (          )  
∑        
 
       is non-negative (respectively positive definite).  

Note that if   is non-negative then letting         be the canonical basis of 

   we have 

 

 

and if   is positive definite then the inequality is strict. Also, note that any matrix 

congruent to a non-negative (respectively positive definite) symmetric matrix is itself 

non-negative (respectively positive definite), since 

 

 

3. Theorem for positive definite matrices. 

By our theorem given in this section, we define the general representation of 

positively defined matrices! Before giving the theorem, let's consider the following 

problem. 

 

 

 

 

Solution: Note that 
(   )    (  )       

thus     is symmetric. Next, for all  ∈    we have  

  (   )  (  ) (  )  ||  ||
 
    

𝑀 positive-semidefinite  ⟺ 𝑥𝑇𝑀𝑥    for all 𝒙 ∈  𝑛. 

 

𝑀 negative-definite  ⟺ 𝑥𝑇𝑀𝑥    for all 𝒙 ∈  𝑛\* +. 

𝑀 negative-semidefinite  ⟺ 𝑥𝑇𝑀𝑥    for all 𝒙 ∈  𝑛 . 

𝑎𝑖𝑖  𝑒𝑖
𝑇𝑀𝑒𝑖     

𝑋𝑇(𝑃𝑇𝑀𝑃)𝑋  (𝑃𝑋)𝑇𝑀(𝑃𝑋). 

Problem 3.1. Let 𝑨 ∈ 𝑴𝒏( ) any matrix. 

𝒂) Prove that 𝑨𝑻𝑨 is symmetric and non-negative. 

𝒃) Prove that 𝑨𝑻𝑨 is positive definite if and only if 𝑨 is invertible. 
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with equality if and only if     . Both  ) and  ) follow from these observations 

(and the fact that   is invertible if and only if      implies    ). 

We have the same result holds with     instead of    . Remarkably, the 

converse of the result established in the previous problem holds: 

 

 

 

 

Proof: We use Gauss’ Theorem (see [1], p 402.). By that theorem, there is an 

invertible matrix   such that        is a diagonal matrix. By the discussion 

preceding Problem 3.1 we know that   itself is non-negative and its diagonal 

coefficients     are nonnegative. Hence we can write     
    for a diagonal 

matrix    whose diagonal entries are √   . But then  

  (   )      (   )   
    

        

with      
  .  Done! 

In the following problem, we show that the Gram matrix is non-negative 

defined. And we also give a necessary and sufficient condition for being positive-

defined. 

 

 

 

 

 

 

Solution: Again, it is clear that   is symmetric. For all           ∈   we have  

∑        

 

     

 ∑     〈     〉

 

     

 ∑  

 

   

 ∑〈       〉

 

   

  

 ∑〈     ∑     

 

   

〉  ||∑    

 

   

||

 

   

 

   

 

with equality if and only if ∑     
 
     . The result follows. 

 Let's analyze another interesting problem below. 

 

 

 

 

Solution: It is clear that the matrix is symmetric. Note that we can write 

   (   )  ∑  .
       

 

Doing so and interchanging orders of summation, we see that 

Theorem 3.1. Any non-negative-definite matrices 𝐴 ∈ 𝑀𝑛( ) can be 

written as 𝐵𝑇𝐵 for some matrix 𝐵 ∈ 𝑀𝑛( ). 

 

Problem 3.2. Let (𝑽 〈 〉) be an Euclidean space and let 𝒗𝟏  𝒗𝟐    𝒗𝒏 be a 

family of vectors in 𝑽. Let 𝑨 ∈ 𝑴𝒏( ) be the Gram matrix of the family, i.e., 

the matrix whose (𝒊 𝒋)− entry is 〈𝒗𝒊  𝒗𝒋〉. 

𝒂) Prove that 𝑨 is symmetric positive. 

𝒃) Prove that 𝑨 is positive definite if and only if 𝒗𝟏  𝒗𝟐    𝒗𝒏  are linearly 

independent. 

Problem 3.3. Let 𝑛    and let 𝐴  [𝑎𝑖𝑗] ∈ 𝑀𝑛( ) be defined by 𝑎𝑖𝑗     (𝑖 𝑗). 

Prove that 𝐴 is symmetric and positive definite. 
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∑∑   (   )     

 

   

 

   

 ∑∑∑    

 

   

 

   

 

   

 ∑(∑  

 

   

)

 

.

 

   

  

This last expression is clearly nonnegative, and it equals 0 if and only if 

                          . 

Subtracting each equation from the one before it, we see that the unique solution 

is             , which shows that the matrix is positive definite. 

An alternative argument is to note that 

   (   )  ∫   ( )  ( )  
 

 
   

where   ( )    for  ∈ ,   - and   ( )    for     (i.e.,    is the characteristic 

function of the interval ,   -). It follows that   is the Gram matrix of the family 

            thus it is symmetric and non-negative. Since            are linear 

independent (in the space of integrable functions on ,   )), it follows that   is 

positive definite (all this uses Problem 3.2). 

 

4. Application of the Positive-definite matrices. 

4.1. Examples of International Olympic problems. 

 

 

 

 

Solution: On one hand from the given equation we obtain 

       (  )    |     

      (  )  (  )    
(  )  −(      (  ) )   . 

Hence  −    is positive definite and invertible. 

On the other hand we have 
(  )  − −      

and transposing we get  

   −  −  (  ) . 

Hence we get  

   −    (      ). 

Thus         , so   ( −   )   . This together with invertibility of  −    

implies that    . 

 

 

 

 

 

Solution: We know that      and     , then 

Example 4.1.1 (OMOUS-2024, Turkmenistan).  

Show that if 𝐴 is a real 𝑛  𝑛 matrix such that 𝐴  𝐴 𝐴𝑇 (𝐴 )𝑇   , then 

𝐴   . 

(𝐴𝐵   𝐵𝐴 − 𝐴 − 𝐼𝑛)
  𝐴𝐵 −𝐵 𝐴. 

Example 4.1.2 (RUDN MATH OLYMP-2024, Russia).  

Let 𝐴 𝐵 ∈  𝑀𝑛( ) be symmetric martices such that  

Find 𝑟𝑎𝑛𝑘(𝐴  𝐵 ). 
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(   −   )  (   ) − (   )  (  )   −   (  )  −(   −   ). 

We defined   (        −    −   ).  

   (        −    −   )
  (         − (  ) −   )   

      −   −     . 

Hence, 

−(   −    )  (   −    )  (  )  (  )        −     

   −             

  is symmetric, then it is diagonalizable. Then   ∈   ( )         and 

          (          ) 

where            are eigenvalues of   and they are real numbers.  

    
         (     )      (  

      
 ) 

Hence,      for all          . Therefore, 

               

     −   −       ( ) 

We know that        and       , so       is non-negative-definite (since 

Problem 3.1).  Hence for all  ∈   ,  

  (     )    (  ) (  ) (  ) (  )  ||  ||
 
 ||  ||

 
  . 

Assume that   ∈   \* + such that (     )   , where   (     ). Then, 

       . Since ( ) we have that, 

(     −  −   )       

       −    −        . 

This is contradiction! Hence, (     )    if and only if    . Therefore 

   (     )   . Then     (     )   .   Answer:     (     )   . 

 

 

 

 

 

 

 

Solution: Since    (        )   , there exist  ∈   \* + such that 
(        )   . Which implies  

−(           )   . 

Multiply both sides    to get 

  (           )    

(  ) (  )  (  ) (  )  (  ) (  )   . 

Notice that (  ) (  ) is non-negative-definite. Thus           . 

Therefore, 

          −     . 

This implies that  

  (        )   . 

   (𝐴  𝐵  𝐶 )   . 

   (𝐴𝑃  𝐵𝑄  𝐶𝑅)   . 

Example 4.1.3. (AKHIMO-2023, Uzbekistan). 

Let 𝐴 𝐵 𝐶 ∈ 𝑀𝑛( ) be skew-symmetric (𝑀𝑇  −𝑀) matrices such that: 

Prove that for each triple 𝑃 𝑄 𝑅 ∈ 𝑀𝑛( ) the following equality holds 
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We know that      . Finally, we conclude that  

   (        )   . 

 

4.2. Problems for Practice. 

Problem 4.2.1. Is the matrix   [   ] ∈   ( ) with         non-negative-

definite? Is it positive definite? 

Problem 4.2.2.  

 ) Prove that a symmetric positive definite matrix is invertible. 

 ) Prove that a symmetric positive matrix is positive definite if and only if it is 

invertible. 

Problem 4.2.3. Prove that any symmetric positive matrix  ∈   ( ) is the Gram 

matrix of a family of vectors           ∈  
 . 

Problem 4.2.4.  Prove that the matrix   [
 

   
]
       

 is symmetric and non-

negative-definite. 

Problem 4.2.5. Let   [   ] ∈   ( ) be a matrix such that       for    , and 

      for all          . Prove that   is symmetric and non-negative-definite. 

Problem 4.2.6 (SEEMOUS-2024, Romania).  Let    ∈   ( ) two real, 

symmetric matrices with nonnegative eigenvalues.  

Prove that       (   )  if and only if      . 

Problem 4.2.7 (SEEMOUS-2024, Romania). Let  ∈   ( )  be a matrix such 

that (   )     , where    ( ̅)  denotes the Hermitian transpose (i.e., the 

conjugate transpose) of  . 

 ) Prove that        . 

 ) Show that the non-zero eigenvalues of   have modulus one. 
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