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Annotatsiya: Ushbu maqolada Gilbert fazosida Eyler-Makloren tpidagi optimal
kvadratur formula qaralgan. Kvadratur formulaning xatolik funksionali uchun Riss teoremasi
hamda ekstremal funksiva usuli asosida norma ko‘rinishi topilgan. Xatolik funksionalining
normasi orqali Sard ma’nosidagi optimal kvadratur formulani qurish masalasi o‘rganilgan
hamda tegishli nazariy natyjalar keltirifgan.
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KIRISH

Eyler-Makloren kvadratur formulasi diskret yig‘indilarni aniq integral bilan bog‘lash
uchun ishlatiladi. Bu formula sonl hisoblashlarda, kvadratur formulalar yaratishda va
akustikadan kvant fizikagacha bo‘lgan turli sohalarda qo‘llamiladi. Eyler-Makloren
formulasining sonli integrallash, akustik muhit tahlili, optimal kvadratur formulalar va sonl
hisoblashlarda qo‘llaniladi.

Eyler-Makloren formulasi quyidagicha yoziladi:

b (P f(b)+f(a) L sz 2j-1 2j-1
kZ:;if(k)~Lf(x)dx+ > +;(2j)!(f( )(b) — >(a))+Rm

Bu yerda sz Bernulli sonlari, R esa qoldiq had hisoblanadi.

P.L.Butzer va R.L.Stem (1983) tomonidan taqdim etilgan tadqiqotda Eyler-Makloren
formulasi yordamida haqiqiy o‘qda integratsiyami baholash va Whittaker-Shannon diskretlash
teoremasi o‘rtasidagi bog‘lighk o‘rganilgan [1]. Ushbu tadqiqotda quyidagi xulosalar
chiqarilgan:

e Kvadratur metodlarida aniq integrallarning taqribiy bahosi olish mumkin.

* Integrallash xatoligi funksiyaning hosilalariga bog‘liq ravishda kamayadi.

MJ.Panza (2008) maqolasida Green funksiyalarini hisoblashda Eyler-Makloren
formulasidan foydalanilgan [2]. Bu yondashuv:

* To'lqin tenglamalari uchun yopiq shakldagi yechimlarni olish imkonini beradi.

* Tovush tarqalishini modellashtirishda ishlatilgan.

L.F.Meyers and A.Sard tomonidan taqdim etilgan tadqiqotda optimal kvadratur
formulalarini yaratishda Eyler-Makloren kvadratur formulasining roli o‘rganilgan [3]. Ularning
yondashuvi:

e Kvadratur formulalarining anigligini maksimal darajada oshirish imkonini beradi.

* Olingan natyjalar umumlashgan trapetsiya va Simpson formulalariga nisbatan aniqroq

hisoblanadi.
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El-Ajou (2013) tomonidan funksional qatorlar va Eyler-Makloren formulasining
umumlashtirilgan shakllart o‘rganilgan [4]. Uning ishlarida

* Funksional qatorlar tartibli kvadratur metodlari ishlab chigilgan.

 Kuchli boglanishli differensial tenglamalar yechimlart uchun Eyler-Makloren
formulasi asosida yangi usul taqdim etilgan.

Eyler-Makloren kvadratur formulasi turli sohalarda qo‘llaniladigan kuchlh vosita bo‘lib,
quyidagi afzalliklarga ega:

* Sonli untegrallash uchun aniq va yaqinlashuvchi baholar beradi.

* Akustik va fizik muammolarda yopiq shakldagi yechimlar olish imkonini yaratadi.

e Optimal kvadratur formulalarini yaratishda muhim rol o‘ynaydi.

* Differensial tenglamalar va sonli usullarda samarali 1shlatiladi.

Ushbu maqgolada W2(7’6) (0,)) Gilbert fazosida yangi Eyler-Makloren kvadratur
formulasini kengaytirilgan variantni qurilgan va chizigli funksionallar uchun Riss teoremasi va

ekstremal funksiya yordamida xatolik funksionali normasi ko‘rinishi topilgan.
1. Masalaning qo‘yilishi.  Biz quyidagi kvadratur formulani qaraymiz:

[o00dx =Y "Co[BlphB) + Y -ClBlp(hB) +
0 B=0 p=0

+Z C,[Ble" (hB) + Z Ci[B1p® (hpB) + Z Cs[Blp"® (hp) (1)
B=0 p=0 B=0
bundaC,,C,,C;,C,-ma’lum koeffisentlar. Ya'ni
(h/2,=0 h?/12,3=0
ColBl=1h,f=1N -1 ClBl=1 0,8=1N-1
h/2,=N —h2/12,,8:N
~h*/720,3=0 h®/30240,5=0
Clpl={ 0.f=IN-1 C[Al=] 0p=IN-1
h4/720,ﬂ=N —h6/30240,,ﬂ=N

C,[A1-(1) kavdratur formulani hozircha noma’lum koeffisentlari, h=—,

N —natural son.
Bu yerda integral ostidagi @ funksiyalar W2(7'6)* (0,2) fazoga tegishli. Bunda W2(7’6) fazo
sifatida oltinchi tartibli hosilasi absolyut uzluksiz yettinchi tartibli hosilasi L, (0,1) fazosiga

tegishli funksiyalar sinfim  olamiz.Bu W2(7’6)*(0,1) sinfida skalyar ko‘paytma quyidagicha
kiritilgan:

<@ >= [0 () + 0 (0)* (™ (x) +y (x))dx @

yarim skalyar ko‘paytmaga nisbatan Gilbert fazosi bo‘ladi. Bu skalyar ko’paytma
yordamida quyidagi normani qaraymiz:
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o= o0+

(1) kvadratur formulaning xatoligi deb

I p(x)dx _(Zco[ﬂ](ﬂ(hﬂ) + 2 ClBl (hB) + > CilAlp"(hB) +
0 p=0 £=0 B=0

N N
+> Ci[B10® (hB) + D Ci[Blp" (hﬂ)j (4)
p=0 B=0
ayirmaga aytiladi. Bu ayirmaga W2(7’6) (0,1 fazosida aniglangan quyidagi funksional mos
keladi:
N N
0(X) = 5057 (0) = D_Co[Bl6(x—hB) - D C,[ 15 (x—hp) -
p=0 B=0

S IR0 (x—hB)- S CIAI (x—hp) - S C LA (x—hp) ©)
£=0 =0 =0

bunda 8[0’1](X) - [0,1] kesmaning xarakteristik funksiyasi, &(X) - Dirakning delta-
funksiyasi, ya'ni (X)-ham funksional bo‘lib, uning biror silliq funksiya ta’siri, ya'ni qiymati
quyidagicha amqlanadi:

(8(),0(0)=9(0) , (6(x—a),p(x))=p(@) , (5 (x—a),p(x))=(-D" - " (a)
Isbot: Bu yerda £(X) funksionalning ¢(X) funksiyadagi qiymati quyidagicha aniqlanadi:

[ee]

(£00,p(x)) = [ () (x)lx. ©)

(6)-tenglikka asosan (5)-ni hisobga olib, haqiqattan ham (4)-ayirma #(X) xatolik

funksionalning @(X) dagi qiymati ekanligiga ishonch hosil gilamiz, ya’ni

(L) = [ 10 w(X)dX=[ [ (¥ =Y. CLBIO(x-hp) + D CLBIo'(x~hp) +
p=0 p=0

—00 —00

+ics[ﬂ]5(3’(><—hﬁ)+ZN:C5[ﬂ]5(5)(X—hﬂ)+ZN:CG[ﬂ]5“”(X—hﬁ)}-co(X)dX=
p=0 =0 =0
= [p(x)dx —[Zco[ﬂ] [ (x=hpB)-p()dx+ D C[B1[ 5'(x~hp) - p(x)dx +
0 B=0 —© S=0 s
+i63[ﬁ]T 59 (X=hB)- p(X)dx+ Y CLA16 (X~ ) - p(x)c +
p=0 —00 p=0

+> Ci[816° (x~hp)- (p(x)dx)j -
=0
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= j p(x)dx —[ZCo[ﬂlco(hﬂ) - Clplp'(hp) +
0 B=0 =0

+> Ci[Ble"(hB) + > Cil Blp® (B) + > _Ci[Blp" (hﬁ)J
p=0 £=0 =0

Demak, yuqoridagl natijadan ko‘rinadiki biz (4) xatolikni quyidagicha yozib olishimiz
mumkin

(4.0) = [ p(x)dlx —(ZCo[ﬂ](p(hﬂ) ++ > CAlP(hA) +
0 p£=0 B=0

+2 Ci[Ble" (hB) + D _Ci[Blp™ (hp) + ZCG[,B]CD((S)(hﬂ)]-
p=0 p=0 B=0

(1) kvadratur formulaning / xatolik funksionali W2(7’6)* (0,)) qo’shma fazoga tegishli

chizigli funksionaldir. Shu bilan birga, (5) xatolik funksionali W2(7’6) (0,1) fazoda aniglanganligi

uchun quyidagi tengliklarni ganoatlantirishi shartdir:

(1 =1—§Co[ﬁ]=0, o
, x)=%—§cotﬂ]¢(hﬂ)=o, ®)
(0= - gCO[ﬂkﬂ(hﬂ)z - %clwl(hﬂ) ~0, o)
()= - gco[ﬂ](p(hﬂf —sgcl[ﬂ](hﬂ)z - %Cm ~0, 10

(x) = —Zco[ﬂ](p(hﬂ)“ - 4gcl[ﬂ](hﬂ)3 - 24gCg[ﬁ](hﬂ) 0.
(1) =~ gCo[ﬂ](p(hﬂ)S —5ﬂZN_;C1[ﬁ](hﬁ)“ -
—GOgC3[ﬂ](hﬁ)2 +120C,[ ] =0 (19)
(o) =1-e -3 Clpe e SelA e s

N N N
+ch[ Bl-e ™ +ZC5[ B]-e ™ +ZC6[ Bl-e™ (13
=0 B=0 B=0

Yugqoridagi (7)-(12) tengliklardan (1) kvadratur formulaning beshinchi tartibli ko‘phadga
aniqligini bildiradi. Biz C,[ /] koeffisentlarni (7)-(12) shartlarni bajariladigan qilib tanlab
oldik. Hozirgi noma’lum bo‘lgan C; [ﬂ], L£=01..,N koeffisentlar (13) tenglikni
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ganoatlantiradigan qilib topishimiz kerak. Demak biz Cj [ p ] koeflisentlar uchun faqatgina
(13)-shartga ega bo‘lamiz.

(1) kvadratur formulaning (6) xatoligi W2(7’6)* (0,1 fazosidan chizigli funksional bo‘ladi,
bunda W2(7’6)* -bu W2(7’6) fazosiga qo‘shma fazo. U holda Koshi-Shvars tengsizligidan (6)
xatolikning absolyut gqiymati yuqoridan quyidagicha baholanadi:

(2.0)| <[ IWS (0,9 -||¢1W," " (0.9) -

Bu yerdan biz (1) kvadratur formulaning (6) xatoligi #(X) xatolik funksionalining

(¢, 9)|
oW (0,1)

[ 1w, "0, =sup

o ol#0

normasi orqali baholanishini xulosa qilamiz. Bu yerda ¢(X) xatolik funksionalining
normasi C,[S], f= 0,N koeffisentlarga bog'ligligini ko‘rish giyin emas. Tabiiyki, butun bir
funksiyalar fazosi W2(7’6) (0,1) elementlarida (1) kvadratur formula xatoligini  yuqori
chegarasining eng kichik giymatini topish muhim hisoblanadi. Xatolik funksionali normasi
Ci[ /4] koettisentlarga bo‘yicha minimumini topish masalasi Sard masalasi bo‘ladi.

Bu masalani yechish natijasida olingan kvadratur formula Sard manosida optimal
kvadratur formula deyiladi.

Ushbu 1shning asosty maqsadi W2(7’6) (0,1) fazosida (1) kvadratur formula uchun Sard

masalasi yechishdan iboratdir, ya'ni

€] -in 1 w

Ce[51]
tenglikni qanoatlantiruvchi Ci[ ] koeffisentlarni topishdan iboratdir.
Shunday qilib, W2(6‘5) (0,1) fazosida (1) ko‘rinishidagi Sard manosida optimal kvadratur
formulani qurish uchun quyidagi ikkita masalani ketma-ket yechishimiz kerak.
1 - masala. (1) kvadratur formulaning (5) xatolik funksionali normasi hisoblash.

2 - masala. (14) tenglikni ganoatlantiruvchi Ci[ S]koeffisentlar topish.

Biz quyida birinchi masalani yechish bilan shug‘ullanamiz.

2. Xatolik funksionali normasini hisoblash.
/(X) xatolik funksionali normasi hisoblash uchun biz quyidagi tenglikni

qanoatlantiruvchi ¥/, ekstremal funksiyadan foydalanamiz
() = W), W™ D)
Shuni ham ta’kidlash kerakki, W2(7’6) (0, Gilbert fazosida aniqlangan har qanday /

chizigli funksional uchun [1] ishda ¥/, ekstremal funksiya topilgan va ekstremal funksiya

quyidagi chegaraviy masalaning yechimi ekanligi ko‘rsatilgan:

™ 00 =" () = (=)™ (%) (15)
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(P00 (0)[5=0. s=01..m-1 1o
(V) =" (X)) [5=0 )

hamda , ekstremal funksiya uchun quyidagi teorema isbotlangan:
2.1-teorema [17]. (15) - (17) -chegaraviy masalaning yechimi / xatolik funksionali

uchun ¥/, ekstremal funksiya bo‘ladi va u quyidagi ko‘rinishda bo‘ladi

w,(X)=(=D)"(x) *G, (X) + B, ,(x) +de™,

bunda
signx( e*—e* T3 x**
Gnl3)= ( kZ:;‘(Zk 1)|]

P. ,(X)-ixtiyorly m—2 darajali ko‘phad, d ixtiyoriy haqiqiy son.
Bundan tashqari quyidagli tenghk o‘rinli bo‘lish1 ko‘rsatilgan. Bu tengliklar chizigh
funsionallar uchun Riss teoremasidan kelib chigqan
. R
w2 = T v () = v

Endi biz garayotgan W2(7‘6) (0,)) fazosida [ xatolik funksionali uchun ekstremal

(18)

funksiyani yuqoridagi teoremadan m =7 holda olamiz.
Shunday qilib, 2.1-teoremadan m =7 holda W2(7'6) (0,1) fazosida aniglangan / xatolik

funksionali uchun , ekstremal funksiyani olamiz va u quyidagicha bo‘ladi

() =~ %G, (%) + P+ de 19
bunda P(X) beshinchi darajali ko‘phad va
x A X 11 9 7 5 3
=S (et XX X 0 Xy,
2 11t 9t 71 51 3l

Birinchi masalaning yechimi uchun quyidagi o‘rinli.
2.2-teorema. (1) kvadratur formula (5) xatolik funksionali normasi uchun quyidagi ifoda

o‘rinl
PLP=(Ly,) = Y CBIC[yIG (hB—hy) +

£=07=0
+2206[ﬂ]( [6O(x~hp)dx— > C,[1I6 (h ~hy) - DT I (h ~hy) -
p=0 0 7=0 y=0
D CIAG (WS~ hy) - D C Iy IGH (h - hy)} ~ > CIAIC, G, (W —hy) +
7=0 ¥=0 B=07=0

+22 ZC[ﬁ
f=0y=0 0

+2ﬂz ZCo[ﬂ]Cg,[y]G(s)(hﬂ v+ Y CIACGhF-+

5=0y=0
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+2) D CIAIC,[yIG"(hB~hy) +2) > CIAICy1G;”(hB ~hy) +

=07=0 £=07=0
+_2 CIAICIYIG® (W8 —hy) + 3> CAIC[YIG” (hs—hy) +
B=0y=0 B=0r=0

+ZZC [BIC,[71G™ (x - hﬁ)+ZZC [ﬂ]IG (x—h/3)dx —

p=0y=0

2> jGé(X—hﬂ)dX—chg[ﬂ] jG;‘(x—hﬂ)dx—zzcs[ﬂ] [68 (x=hB)dx -
p=0 0 B=0 0 B=0 0

11
— I IG7(X — y)dxdy.
00

Bu yerda G, (X) funsiyaning hosilalarini hisoblashda quyidagi formuladan foydalanamiz

XX 2m=3-t 3 '
- —..———X,agar t-— juft son bo'lsa,
), SInX 2 (2m-3-t)! 3!
Cm (=" x  x _2mat 2
e” +e X X
- —.———1agar t— juft son bo'lmasa.
2 (2m-3-t)! 2!
(22)

Isbot. (21) ifodani (18) tenglik asosida M=7 bo‘lganda, (5) Ba (19) tengliklarni
mobatga olib hisoblaymiz.
Demak,

I =(0) =(€,—€(X)-G7(X) +P+ de*X) =(6,~4(X)-G,) + P, +d -~
Bu yerdan (7)- (11) tengliklarni hisobga olib quyidagiga kelamiz

I = (1w,) = (¢, £0%) - G, () ©3)

/%G, ni hisoblaymiz. Quyidagiga

Bundan ko‘rinadiki,

egamiz:
(E-Gy)(x){fé(y)-G7(x—y)dy=
i ,(y—x)dy - ZC [B]-G,(hB—x) - ZC[ﬂ] G/(hB—x)-
ﬂi_ B1-GE (hB—x) - Zc [8]-G¥ (hB—x)- Zc [8]-G¥ (hB—-x)=
e

(x—y)dy - ZCo[ﬂ] -G, (x=hp) + ch[ﬂ] -Gy (x=hp) +
£=0 B=0
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N N N

+2 CilB1-GP(x=hB)+ > C[B]- G (x=hp) - 3 Ci[A]-G” (x—hp)
p=0 =0 £=0

endi oxirgl tenglikni inobatga olib (19) ifodadan Hf Hz uchun quyidagini olamiz:

47 = (tayr) = ~(£,£+G, ) =] £00-(¢-G, )0

Yugqoridagi ifoda ustida ma’lum soddalashlarmi amalga oshirib,  (21) tenglikni hosil
qilamiz. Teorema isbotlandi.
Birinchi masala yechildi.

FOYDAILANILGAN ADABIYOTLAR:

1. P. L. Butzer and R. L. Stem, "The Euler-MacLaurin Summation Formula, the
Sampling Theorem, and Approximate Integration over the Real Axis," 1983.

2. M. J. Panza, "Application of Euler-Maclaurin sum formula to obtain an approximate
closed-form Green’s function for a two-dimensional acoustical space," 2008.

3. L. F. Meyers and A. Sard, "Best Approximate Integration Formulas," 1950.

4. A. El-Ajou et al.,, "New Results on Fractional Power Series: Theories and
Applications," 2013.

5. A. El-Ajou et al.,, "New Results on Fractional Power Series: Theories and
Applications," 2013.

6. J.H. Ahlberg, E.N. Nilson, J.L. Walsh, The Theory of Splines and Their
Applications, Academic Press, New York - London, 1967.

7. 1. Babuska, Optimal quadrature formulas (Russian), Dokladi Akad. Nauk SSSR. 149
(1963) 227-229.

8. P. Blaga, Gh. Coman, Some problems on optimal quadrature, Stud. Univ. Babes-
Bolyai Math. 52, no. 4 (2007)21-44

9. T. Catinas, Gh. Coman, Optimal quadrature formulas based on the ¢ -function
method, Stud. Univ. Babes-Bolyai Math. 51, no. 1(2006) 49--64.

10. A.R. Hayotov, G.V. Milovanovich. Kh.M. Shadimetov, On an optimal quadrature
formula 1n the sense of Sard. Numerical Algorithms, v.57, no. 4, (2011) 487-510.

11. A.R. Hayotov, G.V. Milovanovich. Kh.M. Shadimetov, Optimal quadratures in the
sense of Sard mn a Hilbert space. Applied Mathematics and Computation, 259 (2015) 637-
653.

12. K\'{o}hler, On the weights of Sard's quadrature formulas, Calcolo, 25 (1988) 169-
186.

13. F. Lanzara, On optimal quadrature formulae, J. Ineq. Appl. 5 (2000) 201--225.

14. A. Sard, Best approximate integration formulas; best approximation formulas,
Amer. J. Math. 71 (1949) 80-91.

15. Kh.M. Shadimetov, A.R. Hayotov, Construction of the discrete analogue of the
2m 2m-2
d

differential operator PRIV Uzbek mathematical journal, 2004, no.2, pp. 85-95.
X X

37



World of Science May,Volume-9, Issue-5

16. Kh.M. Shadimetov, A.R. Hayotov, Optimal quadrature formulas with positive
coefficients in LY"(0,1) space, J. Comput. Appl. Math. 235 (2011) 1114--1128.

17. Kh.M. Shadimetov, A.R. Hayotov, Optimal quadrature for\-mulas in the sense of
Sard in W™"™ ™ space, Calcolo 51 (2014) 211-243.

18. Kh.M. Shadimetov, A.R. Hayotov, S.S. Azamov, Optimal quadrature formula in
K,(P,) space, Applied Numerical Mathematics 62 (2012) 1893-19009.

19. 1J. Schoenberg, S.D. Siliman, On semicardinal quadrature formulae. Math.
Comp. 28 (1974) 483-497.

20. S.L. Sobolev, The coefhicients of optimal quadrature formulas, Selected Works of
S.L. Sobolev, Springer, (2006) 561-566.

21. S.L. Sobolev, Introduction to the Theory of Cubature Formulas (Russian), Nauka,
Moscow, 1974.

22. S.L. Sobolev, V.L. Vaskevich, The Theory of Cubature Formulas, Kluwer
Academic Publishers Group, Dordrecht, 1997.

23. F.Ya. Zagirova, On construction of optimal quadrature formulas with equal spaced
nodes (Russian). Novosibirsk (1982), 28 p. (Preprint No. 25, Institute of Mathematics SD of
AS of USSR)

38



